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Abstract
An analytical model is developed for the electromagnetic torques exerted on the mantle by the poloidal magnetic field of
the core interacting with a laterally heterogeneous conducting layer at the base of the mantle. Torques due to changes in both
orientation and intensity of a dipolar poloidal field are included. Contrary to earlier suggestions, our calculations predict that
the trajectory of the magnetic pole during a polarity reversal is not strongly affected by heterogeneity in mantle electrical
conductivity. q 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
The behavior of the geomagnetic field during
polarity reversals is critical for understanding the
geodynamo and the coupling between the core and
mantle. If the core and mantle were entirely decoupled, the long-term behavior of the geodynamo and
its history of polarity reversals would have no relationship to the three-dimensional structure of the
mantle. This does not seem to be the case. There is
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both observational evidence as well as theoretical
support for the concept that mantle heterogeneity
influences geomagnetic reversals.
The best known and most controversial evidence
for a mantle influence are the numerous paleomagnetic studies reporting longitudinal confinement of
transitional Virtual Geomagnetic Pole ŽVGP. positions, primarily from deep sea sediment records ŽTric
et al., 1991; Clement, 1991; Clement et al., 1995..
Perhaps the most striking evidence is the compilation
by Laj et al. Ž1991. of deep sea sediment VGPs from
the past 12 million years, indicating a preference for
two reversal paths, one beneath the Americas and
one beneath Asia, the two separated by nearly 1808
in longitude. The paths coincide with regions of
anomalously high seismic velocity in the lower man-
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tle, suggesting a connection with the structure and
perhaps the dynamics of the lower mantle.
The veracity of this interpretation has been questioned, particularly from studies of reversals using
directional data obtained from lavas. Comparably
sized data sets from lavas have failed to show the
same amount of longitudinal confinement ŽValet et
al., 1992; Prevot and Camps, 1993; Courtillot and
Valet, 1995; Hoffman, 1995.. Possible explanations
for VGP paths include biases in site distribution for
deep sea sediment records or biases in the sediment
recording process ŽQuidelleur and Valet, 1994;
Channell and Lehman, 1997.. Alternatively, it has
been suggested that deviations of the transition field
from dipolar symmetry might produce an apparent
longitude confinement as an artifact ŽGubbins and
Coe, 1993; Barton and McFadden, 1996.. But even
the lava data shows some longitudinal preference,
when a more uniformly-distributed sampling of
recording sites is made ŽLove, 1998..
There is additional evidence from the geomagnetic field on shorter time-scales indicating influence
of mantle heterogeneity. Johnson and Constable
Ž1995, 1997. have constructed models of the timeaveraged paleofield for the past 5 million years
which indicate that certain structures seen in the
historical field, most notably the equatorially symmetric flux lobes at high latitudes and the difference
in secular variation between Pacific and Atlantic
hemispheres, persist over that time interval. Using a
combination of archeomagnetic, dated lavas and recent sediment data, Constable et al. Ž1996. have
modeled the paleomagnetic field at 100-year intervals for the past 3000 years and find evidence for
these same non-dipole features.
In addition to the evidence from geomagnetic and
paleomagnetic data, our present knowledge of the
structure of the mantle and our present understanding
of mantle and core dynamics both suggest that the
mantle should influence the behavior of the geodynamo, including the frequency and style of polarity
reversals. The wide spectrum of lateral heterogeneity
in the DY region at the base of the mantle indicates
that dynamical effects such as heat flow and critical
physical properties such as conductivity vary significantly on the mantle side of the core–mantle boundary ŽCMB. ŽLoper and Lay, 1995; Lay et al., 1998..
Mantle heterogeneity can affect polarity reversals in

several ways, including thermal interaction between
core and mantle, in which heat flow variations on the
CMB provide the coupling of the magnetic field to
mantle structure and electromagnetic interaction, in
which heterogeneity in electrical conductance above
the CMB provides the coupling.
Thermal coupling has already been investigated
using numerical calculations of thermal convection
in rotating fluid spheres driven by heterogeneous
temperature or heterogeneous heat flow conditions
applied on the outer boundary ŽZhang and Gubbins,
1993; Olson and Glatzmaier, 1996.. The main result
of these calculations is that CMB thermal heterogeneity perturbs the pattern of convection in the core
by adding a component of flow that is locked to
mantle structure. Dynamo calculations in which the
flow pattern is kinematically locked to mantle structure exhibit pole path confinement during polarity
reversals ŽGubbins and Sarson, 1994.. The fully
dynamic dynamo calculations show a more complex
response to mantle heterogeneity ŽGlatzmaier et al.,
1997.. Non-axisymmetric heterogeneity in boundary
heat flow increases the level of time variability of
the convection in the calculations, which in turn
controls the frequency of polarity reversals, but not
their paths.
A second form of heterogeneous core–mantle interaction that might affect reversals is based on
electromagnetic coupling. This mechanism has received far less attention. Runcorn Ž1992, 1996. emphasized the fundamental differences between thermal and electromagnetic coupling, by pointing out
that heterogeneous electromagnetic coupling is not
expected to lock the core to the mantle during constant polarity epochs but only during polarity transitions, when the field is highly asymmetric with
respect to the spin axis. Instead of altering the pattern of core convection, electromagnetic torques act
to rotate the core into a preferred orientation during a
polarity change, causing the transition field to appear
biased toward mantle structure. Runcorn also pointed
out that this mechanism can be understood using
simple models of the transition field. Unlike thermal
coupling, it requires only minimal assumptions about
the structure of the geomagnetic field and the underlying cause of reversals.
Other types of torques could affect the reversal
process, including torques from mechanical friction,
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from the interaction of pressure variations in the core
fluid with topography on the core–mantle boundary
ŽHide, 1969; Jault and Le Mouel,
¨ 1989; Greff-Lefftz
and Legros, 1995., and from gravitational torques
between the mantle and the inner core ŽXu and
Szeto, 1994; Buffett, 1996a,b.. We do not consider
these in this paper. Instead, we focus on Runcorn’s
mechanism by extending the model of Aurnou et al.
Ž1996. for electromagnetic confinement of the VGP
longitude during magnetic reversals. In addition to
the electromagnetic torques induced by changes in
field intensity, we include the torques generated by
motion of the VGP and by mantle leakage of the
core toroidal field into the DY-layer, as well as
core–mantle inertia. We make use of a thin layer
approximation to obtain analytical solutions for the
differential rotation of the core and mantle during a
reversal, in the presence of conductivity variations in
the DY-layer similar to the three-dimensional seismological structure of the lowermost mantle. Contrary
to Runcorn Ž1996. and Aurnou et al. Ž1996., we find
that lateral variations in electrical conductance in DY
does not by itself produce longitudinally confined
VGPs.

2. Core–mantle electromagnetic torques with
mantle heterogeneity
In this section we derive general expressions for
electromagnetic torques due to the magnetic field of
the core acting on conductivity heterogeneity at the
base of the mantle. The poloidal field of the core
generates currents in the conductive DY-layer through
two different mechanisms. First, time variations of
the radial field intensity at the CMB induce electrical
currents in DY . Interaction of a non-axisymmetric
magnetic field with the induced currents generates
Lorentz forces and a torque on the mantle usually
referred to as the poloidal torque ŽStix and Roberts,
1984.. The mechanism is illustrated in Fig. 1a for the
particular case of an inclined decaying dipolar magnetic field. This couple causes differential rotation of
the core and the mantle. Second, motion of the core
field relative to the mantle shears the magnetic field
and generates electrical currents in the conducting
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DY-layer, the so-called v-effect ŽMoffatt, 1978..
Electromagnetic torques on the mantle produced this
way are usually referred to as toroidal torques. This
mechanism is illustrated in Fig. 1b.
As shown in Fig. 2, our model consists of Ži. the
conducting fluid core which is the source of the
poloidal magnetic field; Žii. the thin, heterogeneous,
electrically conducting DY-layer just above the CMB
which is in electrical contact with the core; Žiii. the
rest of the mantle, treated as electrically insulating.
We assume that the fluidity of the outer core permits
the core and its magnetic field to rotate with respect
to the mantle about the polar axis Žsee Fig. 2.. This
relative rotation is affected by the polar component
of the electromagnetic torque acting between the
core and mantle.
Seismic studies of the CMB region indicate substantial lateral heterogeneity near the base of the
mantle that could produce large variations in electrical conductance. Garnero and Helmberger Ž1996.
have identified discrete regions a few tens of kilometers thick at the base of the mantle with anomalously
slow P-wave velocities. Within these regions, which
range in thickness from 0 to 40 km, the P-wave
velocity is reduced by nearly 10% relative to the
overlying mantle. This basal layer is thick beneath
the central Pacific, where global seismic tomography
indicates lower than average seismic velocities for
the lower mantle, and is missing or undetected beneath the circum-Pacific ring of higher-than-average
lower mantle velocities ŽLay et al., 1998; Garnero et
al., 1998..
The inverse correlation between the thickness of
the basal layer and large-scale heterogeneity in the
lower mantle is precisely what is expected for a
dense, chemically distinct layer at the base of the
mantle. A dense basal layer is predicted from mantle
convection dynamics to be thickest beneath lower
mantle upwellings and thin or absent beneath lower
mantle downwellings ŽKellogg and King, 1993; Kellogg, 1997.. The composition of this layer is uncertain, although there are only two viable possibilities:
partial melting and iron enrichment, with partial
melting providing a somewhat better match to the
observations ŽWilliams and Garnero, 1996.. Either of
these two would imply enhanced electrical conduction ŽJeanloz, 1993. although the magnitude is uncertain ŽPoirier and Le Mouel,
¨ 1992..
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Fig. 1. Sketches illustrating two different mechanisms for generating an electromagnetic torque on the mantle by heterogeneity in the
Y
D -layer. Ža. Electrical currents I are induced in the mantle by decay of an inclined core field, represented by a bar magnet. Misalignment of
the magnetic field and the current caused by mantle heterogeneity generates an axial torque on the mantle G M , and an opposite torque on
the core GC tending to rotate the pole of the field perpendicular to the loop of current. Žb. Shearing of the poloidal magnetic field by motion
Y
Y
relative to the heterogeneous conducting D -layer. Thickness variations in D -layer are represented by a dashed line. In this case the torque
resists the motion.

Since the large-scale pattern of lower mantle heterogeneity is dominated by spherical harmonic degree 2 pattern ŽLoper and Lay, 1995. we adopt the
following simplified representation of the DY-layer
thickness variations:
D Ž u , f . s D q D 0 sin2u cos 2 f

Ž 1.

where D is the mean thickness of DY and D 0 is the
amplitude of the DY-layer thickness variations. According to the results of Garnero and Helmberger
Ž1996., D and D 0 are both approximately 20 km.
Accordingly, we use a value of 20 km for D and D 0
in the following calculations.

In order to simplify the analysis, we suppose that
the conductivity of the DY-layer is small compared to
the core conductivity, e.g., s D rsC < 1 where s D is
the electrical conductivity in DY and sC is the
electrical conductivity in the core Žsee Table 1.. To
first order in this ratio, the poloidal magnetic field in
the mantle r G rC can be expressed in terms of a
scalar potential,
`

po Ž r , u , f . s r E

n

Ý Ý
ns1 ms0

1 rE
n

ž /
r

nq 1

Pnm Ž cos u .

= Ž g nm cos m f q h mn sin m f .

Ž 2.
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Fig. 2. Illustration of the model geometry, showing the field lines of an inclined dipolar magnetic field permeating the laterally
Y
heterogeneous conducting D -layer at the base of the mantle. The position of the north magnetic pole of the field is Ž u 1 , f 1 .. The angular
rotation rate of the core relative to the mantle is f˙ 1 assuming the magnetic field rotates with the core.

where r E is the radius of the Earth, Ž g nm , h mn . are the
Gauss coefficients ŽMerrill et al., 1996., Pnm are the

associated Legendre polynomials with the Schmidt
normalization and Ž r, u , f . are spherical coordinates.

Table 1
Quantities used in torque estimates
Symbol
IR
IC
IM
rC
rE
m0
sC
sD
D
D0
B
B0
dTrd r
k dipole

Quantity
Reduced moment of inertia
Core moment of inertia
Mantle moment of inertia
Core radius
Earth radius
magnetic permeability
Core conductivity
Y
D -layer electrical conductivity
Y
Averaged D thickness
Y
Variations in D thickness
Typical poloidal magnetic field intensity
Magnetic field strength before reversal
Toroidal field gradient on CMB
Dipole decay time

Units
2

kg m
kg m2
kg m2
m
m
H my1
S my1
S my1
m
m
mT
mT
T my1
years

Value
8.3 = 10 36
9.2 = 10 36
8.0 = 10 37
3.48 = 10 6
6.37 = 10 6
4p = 10y7
3 = 10 5
; 3 = 10 3
2 = 10 4
2 = 10 4
0.37
0.37
y1 = 10y9
; 15,000
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The radial component of a dipole field at the CMB
is, using Ž2.,
Br Ž r C , u , f , u 1 , f 1 .
s2

ž /Ž
rC

qh11

GP s

3

rE

Following Holme Ž1998., Ž7. becomes
1

HV

M

sin u sin f .

°
g 10 Ž u 1 , f 1 . s
1
1

Ž u 1 ,f1 . s

h11 Ž u 1 , f 1 . s

¢

Ž 3.

Bs2

1
2
1
2
1
2

rC

ž /
ž /
ž /
rE

rC

3

B sin u 1cos f 1

rE

rC

rE

Ž 4.

3

B sin u 1 sin f 1

ž / (Ž

.

™

HV

™

™

2
g 11 q

Ž .

2
h11

Ž .

Ž 5.

™

r = Ž J = B . dV
™

HV

E

ž

m0 s D

Ž Jr Bu y Ju Br . r sin u dV

Eu

/

1
q

E2

sin2u Ef 2

Ž 10 .

Ž 11 .

Then using Ž9. and Ž11., the mantle torque from time
variations of the poloidal magnetic field is

GP s

HV

s D L2 p 0
M

E2 p0
EtEf

dV

Ž 12 .

In order to evaluate the torque Ž12. in presence of
lateral heterogeneity in conductivity, we assume that
the mantle conductivity is zero everywhere except in
DY , and that the DY-layer can be approximated as a
thin conductive layer in electrical contact with the
core with a variable thickness DŽ u , f . Žsee Eq. Ž1...
The following conditions allow us to treat DY as
locally uniform

Ž 7.
D Ž u , f . <rC ,

M

1

ED Ž u , f .

To compute the poloidal torque resulting from
dipole field intensity variations, we introduce the
poloidal potential p

rC sin u

Ef

B s = = = = Ž™
rp .

sin u

= 2 p1

2.1. Torque from time Õariations of the poloidal field

™

Ž 9.

Ž 6.

M

where ™
r is the radius vector, J s Ž Jr , Ju , Jf . is™the
electrical current density vector in the mantle, B s
Ž Br , Bu , Bf . is the magnetic field vector and the
integration extends over the electrically conducting
part of the mantle V M . We are only concerned with
the polar component of the torque, the component
G M about the mantle rotation axis:

GM s

sin u Eu

1
s

Et

where rC is the radius of the core and Ž u 1 , f 1 . is the
north magnetic pole of the dipole on the CMB.
The electromagnetic torque vector on the mantle
is given by ŽRochester, 1962.

GM s

dV

is the quantum mechanical angular momentum operator ŽArfken, 1985.. Following Stix and Roberts
Ž1984., we write p s p 0 q p 1 q PPP where p 1 is a
small perturbation of the core field p 0 . In VM , p 0
obeys = 2 p 0 s 0 and p 1 obeys
E p0

2
g 10 q

E

1

B cos u 1

3

rC

Ef

where G P is the poloidal torque acting on the mantle
and
L2 s y

3

and
rE

EŽ = 2 p.

g 10 cos u q g 11 sin u cos f

with

~g

m0

L2 p

Ž 8.

1 ED Ž u , f .
rC
<1

Eu

<1,

Ž 13 .

and, therefore, Ju is also locally uniform in the
DY-layer. With the approximation in Ž13., we can
integrate Ž12. radially from the CMB to the top of
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DY-layer to obtain the following approximate surface
integral

GP s

ECMB

L2 p 0

E2 p0

C Ž u ,f . d S

EtEf

Ž 14 .

rs r C

Y

where the D conductance is defined by
C Ž u ,f . s

Hrr qD u ,f s
Ž

C

.

D

Ž r ,u , f . d r .

Ž 15 .
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Table 2
Estimates of Torque Magnitudes
Torque

Definition

Magnitude wN mx

G P1
G P2
G P3
GT
Gmo tion
G leakage

Dipole decay
Dipole f-motion
Dipole u-motion
CMB shear
G P2 q G T
BT diffusion

10 16
10 17
10 16
10 19
10 19
10 19

C

In the simplified case of a uniform conductivity in
DY , Ž14. reduces to

GP s sD

ECMB

L2 p 0

E2 p0
EtEf

D Ž u , f . d S.

Ž 16 .

rs r C

2.2. Torque from shear of the poloidal field
Differential rotation of the core and mantle shears
the poloidal field across the CMB, inducing a secondary component of the magnetic field bf and a
toroidal torque as illustrated in Fig. 1b. Using the
continuity of the tangential component of the electrical field at the CMB, we obtain, for uniform differential rotation and uniform mantle conductivity
bf Ž r , u , f . s m 0 s D rC Br Ž rC , u , f .
= r y Ž rC q D . f˙ 1 sin u
for rC - r - rC q D

Ž 17 .

and
Ju Ž u , f . s y

1 E bf

m0 E r

s ys D rC Br Ž rC , u , f . f˙ 1 sin u
for rC - r - rC q D

Ž 18 .

where f˙ 1 is the azimuthal angular velocity of the
core relative to the mantle.
Substitution of Ž18. into Ž7. and integration in
radius yields the toroidal torque G T due to the
shearing of the poloidal magnetic field

G T s 4s D f˙ 1

ECMB

p 02

rsr C

D Ž u , f . sin2u d S.

Ž 19 .

so-called ‘leakage’ torque. This torque arises from
the diffusion of the toroidal field at the CMB into the
DY-layer. For an azimuthal toroidal field B T fˆ the
leakage currents associated with this field are
1 1 BT
1 E BT
Jr s
q
Ž 20 .
m 0 r tan u
r Eu
Ju s y

1

m0

BT

q

EB T

r

Ž 21 .

Er

In the thin layer approximation, EB TrEr dominates.
Following Stix and Roberts Ž1984. we write
BT s T Ž r . sin 2 u

Ž 22 .
y9

y1

and assume dTrd r , y1 = 10
T m
on the
CMB. Using Ž1., Ž3., Ž7. and Ž22., we find that the
interaction between the leakage toroidal field and the
dipolar poloidal field produces the torque
1 3 16p
dT
G leakage s
rC
D
B cos u 1
Ž 23 .
m0
15
d r rs r C
Using the parameter values in Table 1, expression
Ž23. indicates that the leakage torque is roughly
comparable in amplitude to the poloidal or toroidal
torques that we will calculate in the following sections Žsee Table 2.. However, it depends only on the
averaged value D and not on the lateral heterogeneities of the DY-layer. Accordingly, the leakage
torque does not tend to lock the core to mantle
heterogeneity and thus will not come into play in the
reversal models described below.

3. Reversal models

2.3. Torque from leaking toroidal field

3.1. The decaying field model

There is another electromagnetic torque sometimes used to explain length of day variations, the

Here we consider the response of a stationary
inclined dipolar magnetic field in free decay. Paleo-
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magnetic intensity estimates indicate that the field
intensity typically decays by a factor of 2 to 10 in a
geomagnetic reversal prior to the directional change
ŽValet and Meynadier, 1993.. To model this phase of
the reversal process, we define Ž5. as
Bs2

rE

3

ž / (Ž
rC

2

2

2

g 10 . q Ž g 11 . q Ž h11 . s B0 eyk t

Ž 24 .
where k is the decay factor and B0 is the initial
strength of the poloidal field Žsee Table 1.. Then
substituting Ž1., Ž3. and Ž24. into Ž16., we find the
poloidal torque for an inclined dipole with pole at
Ž u 1 , f 1 . is

G P1 Ž u 1 , f 1 ,t . s ys D rC4 D 0

4p
15

B02 key2 k t

= sin2u 1 sin 2 f 1

Ž 25 .

Note that the electromagnetic torque originating from
the spherically-symmetric conductance D is zero and

only lateral variations in DY conductance contribute
to Ž25..
Fig. 3 shows the variations of G P1 as a function
of the pole position. When the pole lies in a region
where the torque is positive, the mantle is accelerated and the core decelerated by the electromagnetic
couple. The opposite effect occurs when the pole lies
in a region where the torque is negative. The pole
tends to drift in longitude when it lies below these
regions of the mantle, in the directions indicated in
Fig. 4. Separating the positive and negative torque
regions are curves where the torques on both the
core and mantle vanish, representing the locus of
possible equilibrium positions for an inclined field
during free decay. However, only two of the four
zero-torque curves, the ones drawn in heavy bold
lines in Fig. 3 and in solid lines in Fig. 4, represent
stable equilibria. The electromagnetic couple attracts
the pole when it is in the neighborhood of these
curves. Conversely, the electromagnetic couple tends
to repel the pole from the neighborhood of the other
two zero torque curves. This is the mechanism described by Aurnou et al. Ž1996. and is a modified
version of the Runcorn conjecture: an inclined dipole

Fig. 3. Axial component of the electromagnetic torque G P1 exerted on the mantle as a function of the position of the pole of the magnetic
Y
field Ž u 1 , f 1 ., computed assuming the thickness of the electrically conducting D -layer varies as P22 Žcos u . Žshaded contours.. Line contours
Y
indicate torque variations. Shaded contours indicate D -thickness variations with dark shading representing thick and light representing thin
Y
regions of D , respectively. Two zero-torque contours Žbold curves. define the locus of dynamically stable pole positions. The other two
Y
zero-torque contours define the locus of dynamically unstable pole positions, and coincide with the thin regions of D .
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Fig. 4. Explanation of the core–mantle differential rotation driven by the electromagnetic torque G P1 . . is the instantaneous position of the
VGP of the transitional field. Positive Žq. and negative Žy. signs on the CMB are the signs of G P1 , the electromagnetic torque applied on
the mantle for a given position of the VGP. Case Ži.: G P1 is positive, the mantle is accelerated Žthin arrow. and the core is decelerated Žthick
arrow.. The VGP drifts to the west toward the zero torque position. Case Žii.: The VGP is located where G P1 s 0. In this position the VGP
is stable to longitude perturbations. The other zero torque curve Ždashed line. is an unstable position. Case Žiii.: G P1 is negative. The mantle
is decelerated Žthin arrow. and the core is accelerated Žthick arrow.. The VGP drifts to the east toward the zero torque position.

is stable at longitudes f 1 s 908 and f 1 s 2708 close
to the longitudinal bands identified by Laj et al.
Ž1991.. According to our parametrization of the heterogeneous DY-layer, the stable longitude bands at
f s 908 and 2708 correspond to regions of low electrical conductivity within DY . Thus, when the magnetic field is in decay, the effect of G P1 is to push
the inclined magnetic pole away from areas of high
electrical conductivity in DY , towards areas of low
electrical conductivity.
Neither Aurnou et al. Ž1996. or Runcorn Ž1996.
considered the electromagnetic torques that accompany the motion of the pole. When these are included the conclusions are different. Two additional
torques arise when the core and the magnetic field
rotate at an azimuthal angular velocity f˙ 1 relative to
the mantle. The first is due to variations in poloidal
magnetic flux at the CMB accompanying the motion
of the magnetic pole position. Using Ž1., Ž2. and Ž16.
with d g 11 rd t s Ž E g 11 rEf 1 . f˙ 1 and d h11 rd t s
ŽEh11rEf 1 . f˙ 1 , we obtain for this torque

G P 2 s s D rC4 B 2

2p
15

5D sin2u 1

q2 D 0 sin2u 1cos 2 f 1

f˙ 1

Ž 26 .

The second torque is due to the shear of the magnetic field at the CMB. Using Ž1., Ž2. and Ž19., we
obtain for this toroidal torque

G T s s D rC4 B 2
16p
q
35

8p
15

D 1 q sin2u 1

f˙ 1

D 0 sin2u 1cos 2 f 1

Ž 27 .

The total torque on the mantle from differential
rotation between the mantle and core is the sum of
the two contributions:

Gmotions G P 2 q G Ts s D rC4 B 2
38
q
7

2p

D 0 sin2u 1cos 2 f 1

15

/

ž

D 4 q 9sin2u 1

f˙ 1

Ž 28 .

Since the bracketed term in Ž28. is positive, this
torque is always resistive. Thus the poloidal torque
induced from changes in the magnetic flux through
DY and the toroidal torque due to shear of the

D. Brito et al.r Physics of the Earth and Planetary Interiors 112 (1999) 159–170

168

magnetic field lines in DY-layer both oppose any
differential rotation between the mantle and the core.
The driving torque G P1 and the resistive torque
Gmotion enter the angular momentum balance for
motion of the core with respect to the mantle reference frame
y Ž G P1 q Gmotion . s IR

d f˙ 1

Ž 29 .

dt

where the left-hand side represents the sum of the
axial torques acting on the core, IR is the reduced
moment of inertia of the core and f˙ 1 is the angular
azimuthal rotation rate of the core relative to the
mantle. The reduced moment of inertia of the core is
defined as IR s I M IC rŽ I M q IC . where IC is the
moment of inertia of the core and I M is the moment
of inertia of the mantle Žsee Table 1..
Numerical solutions of Ž29. show that after an
initial transient adjustment, a steady state appears
where the rotation rate of the core relative to the
mantle becomes constant ŽBrito, 1998.. This steady
state can be obtained analytically by setting the sum
of the torques in Ž29. to zero, using Ž25. and Ž28..
The result is

Ž sin2u 1 sin 2 f 1 .

ḟ 1 steady s
2q

9
2

sin2u 1 q

19
7

k

Ž 30 .

sin2u 1cos 2 f 1

Using the slowest decay mode for a dipole magnetic field in a sphere, k dipole s p 2rŽ m 0 sC rC2 ., gives

f˙ 1 steady , 6 = 10y4 degryear

Ž 31 .

where we have taken u 1 s 908 and f 1 s 458. At this
rate the core would require at least 150,000 years to
rotate through d f 1 s 908. With such a slow response, the amount of differential rotation between
core and mantle during a typical 10,000 year polarity
change is only a few degrees.
No pole paths are found when the motional torques
are taken into account. The torques that result from
the motion of the core magnetic field relative to the
conducting layer at the base of the mantle strongly
resist any change in the VGP longitude. Our results
show that the motional torques will always dominate
the driving torque due to mantle heterogeneity. The
results in Ž30. and Ž31. also show that the value of

ḟ 1 steady does not depend on the value of the electrical
conductivity in the DY-layer.
3.2. Paths of a rotating dipole
A second calculation examines a model similar to
Runcorn’s, in which the intensity of the transition
dipole field remains constant and the pole rotates in
latitude at a constant rate u˙1. Using Ž1., Ž2. and Ž16.
with d g 11 rd t s Ž E g 11 rEu 1 . u˙1 and d h11 rd t s
ŽEh11rEu 1 .u˙1 , the axial poloidal torque on the mantle
becomes

G P 3 s s D rC4 B 2

ž

2p
15

D 0 w sin 2 u 1 sin 2 f 1 x u˙1

/

Ž 32 .

As in the previous case, we set the sum of the two
torques Ž28. and Ž32. to zero and obtain the steady
state differential rotation of the core:

f˙ 1 steady s y

Ž sin 2 u 1 sin 2 f 1 .
2

4 q 9sin u 1 q

38
7

u˙1

2

sin u 1cos 2 f 1

Ž 33 .
In this case the differential rotation rate is proportional to the reversal speed u˙1. However the proportionality factor is small, of order 0.11 for u 1 s f 1 s
458. According to Ž33., we expect a maximum longitude deflection of only about 108 as the pole rotates
through 1808 of latitude.
In the ideal case where we set Gmotion s 0, the
stable pole paths for G P3 are located along f 1 s 908,
2708 in the northern hemisphere and f 1 s 08, 1808 in
the southern hemisphere. Therefore, continuous longitudinal pole paths do not exist for a dipole field
rotating in latitude. The effect of G P3 is to repel the
VGP from high conductivity regions while the core
is rotating towards the equator and then to attract the
VGP to high conductivity regions when the core is
rotating away from the equator. The model of Runcorn Ž1996. predicts that the rotating dipole will
always be repelled from the high conductivity regions in the lowermost mantle. Our models differ
because we assume that DY is electrically connected
to the core, whereas Runcorn Ž1996. assumed that
the core and the conductive regions in the lower
mantle were not in electrical contact.
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4. Conclusions
We have developed an approximate analytical
model for core-mantle electromagnetic coupling with
a heterogeneous DY-layer. The model includes resistive torques as well as the driving torques considered
previously by Runcorn Ž1992, 1996. and Aurnou et
al. Ž1996.. We find that the resistive torques dominate the response of the core–mantle system to
changes in the core magnetic field, irrespective of
the value of the electrical conductivity in DY . Our
calculations of core–mantle electromagnetic coupling with various transition magnetic field configurations indicate that the effects of lateral variations in
electrical conductance in the DY-layer are generally
too weak to cause much differential rotation of the
core relative to the mantle on the time-scale of a
typical magnetic polarity reversal. Indeed, we find
that the main effect of electromagnetic coupling
between the core and the mantle, even coupling via
heterogeneity in DY-layer, is to inhibit changes in the
longitude of an inclined magnetic pole. Electromagnetic torques tend to constrain the VGP at the same
longitude during reversals. Thus the rapid longitudinal swings of the VGP recorded in some reversal
records is a behavior that is inconsistent with electromagnetic coupling.
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