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S U M M A R Y
The Poincaré flow (also known as the tilt-over mode) in a precessing cavity filled with water is
investigated experimentally. Assuming that the flow is mainly a solid-body rotation, we have
used three independent techniques to determine this rotation: introduction of light ceramic
particles to materialize the fluid rotation axis, pressure measurements at the cavity wall, and
ultrasonic Doppler anenometry. With the latter technique, we determine the angle between the
solid body rotation vector and the cavity axis indirectly, through the secondary flow – oblique
shear layers which are stationary in a frame rotating at the precession rate – that the differential
rotation at the boundary induces within the fluid. Rapid changes in the direction of the axis
of rotation of the fluid for critical values of the rate of precession and of the rate of rotation
are demonstrated. In some cases, the inclination of the fluid rotation vector with respect to
the cavity axis much exceeds the inclination of the prescribed precession vector. A torque
approach, which can be generalized, shows that this effect is due to a non-linear resonance
between the frequencies of the Poincaré mode and of precession. As a result, we can determine
the validity domain of current models of precession and nutations of planets enclosing a fluid
core.

Key words: Earth’s core, Earth’s rotation, nutation.

1 I N T RO D U C T I O N

The dynamics of a fluid enclosed in an oblate precessing spheroidal
container has been theoretically studied for over one century. The
motion has been described as an uniform vorticity flow (the Poincaré
flow) together with some perturbation. It has the geometry (but not
the time dependence) of a nearly diurnal inertial eigenmode, which
is known as the ‘tilt-over mode’ (Toomre 1974). The axis of the
mode is contained in an equatorial plane and slowly drifts in a retro-
grade direction in the inertial reference frame. Stewartson & Roberts
(1963) and Greenspan (1968, p.75) have pointed out a possible res-
onance effect between the forcing by a retrograde precession and
the tilt-over mode when the non-dimensionalized precession rate,
scaled by the rotation rate of the container, and the ellipticity of the
interface are comparable. The rotation vector of the fluidωf consists
of an axial component along the rotation vector of the container ωc

and of an equatorial component which becomes important when res-
onance is approached. Since the eigenperiod of the tilt-over mode
depends on the amplitude ωf instead of ωc, the resonance effect
is non-linear (Pais & Mouël 2001). This has been investigated by
Busse (1968), who has calculated ωf taking into account viscous
effects in the boundary layer and the finite angle θ between the two
rotation vectors ωc and ωf. From his expression also, we can antici-
pate large changes in the direction of the vorticity vector in the case

of retrograde precession. The non-linearity makes the position of
the rotation axis derived from the analytical asymptotic approach of
Busse (1968), in the resonance region, not intuitive. We shall show
that there are values of the non-dimensionalized precession rate
� = �p/ωc, the ellipticity η, the Ekman number E and the angle
α between the axis of the container and the direction of preces-
sion, for which three values of ωf are solutions of the implicit
equation obtained by Busse. In the geophysical context, excur-
sions of ωf may have occurred because of resonance with nu-
tations (Toomre 1974; Greff-Lefftz & Legros 1999a,b). The pre-
cession example demonstrates that the finite value of θ may have
to be taken into account in the analyses of resonance and warns
against linear superposition of nutation and precession effects. Fi-
nally, we do not know to which extent the theoretical analysis of
Busse is valid when ωf strongly diverges from ωc. Numerical and
experimental models are thus important to ascertain the theoretical
predictions.

A recent numerical study (Lorenzani & Tilgner 2001, table 1)
has accurately recovered Busse’s results in the spheroidal case. In
the spherical case, the resonance occurs at zero precession rate. Our
numerical study (Noir et al. 2001a) again shows good agreement
with Busse’s theory, in the limit of vanishingly small viscosity, even
for large inclination of the fluid rotation axis with respect to the shell
rotation axis. However, the situation in which Busse (1968) predicts
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Figure 1. Comparison between the position of the axis of rotation of
the fluid in Vanyo’s experiment (η = 1/100, E = 8.e − 7, Vanyo et al.
1995) and theoretical predictions for different ellipticities η and Ekman
numbers E.

three possible values of ωf has not been studied numerically. This
happens for small values of the Ekman number, which are difficult
to model.

Before our work, the single experiment series which includes de-
terminations of the fluid rotation axis did not support the extension
of the theory in the resonance domain (Vanyo et al. 1995). In this
experiment, the angle between the rotation and precession axes is
23.5◦, as in the Earth, and the Ekman number is large enough to
make the solution of the Busse’s equation unique except in a very
narrow range of precession rates (see Fig. 1). Large excursions of
the fluid rotation axis, up to 50◦, are nevertheless predicted by the
theory. Pais & Mouël (2001) have compared the rotation vector ωf

predicted by Busse with the experimental determinations of Vanyo
et al. (1995). They have argued that the observations support the
theory inasmuch as there is an asymmetry between the prograde
and retrograde precession cases. However, we differ and reckon that

the agreement remains poor: the inclination of the fluid rotation axis
with respect to the spin axis of the container barely exceeds the incli-
nation of the precession axis. Increasing the strength of the viscous
friction (possibly as a result of turbulence) would explain this re-
sult, as noted by Pais & Mouël (2001), but the lack of agreement at
small forcing remains puzzling. Finally, we show also on Fig. 1 that
changing both the Ekman number and the ellipticity of the cavity,
as advocated by Pais & Mouël (2001), does not suffice to explain
individual determinations of ωf. The best determinations of Vanyo
et al. (1995) are derived from visualizations of geostrophic cylinders
aligned with the rotation axis, which are not possible, because of
turbulence, throughout most of the parameter range where large in-
clinations of the fluid rotation axis are predicted. Other experimental
methods are thus called for. In conclusion, neither numerical cal-
culations nor experimental works are relevant to the cases where
the Busse’s expression yields three different solutions for ωf. Fur-
thermore, inclinations of the fluid rotation axis with respect to the
rotation axis of the solid boundary much larger than the inclination
of the precession axis are theoretically predicted but had not been
observed.

We present new experimental determinations of the fluid rota-
tion axis near the resonance, incorporating cases corresponding to
multiple solutions of the Busse’s equation. The intricate part of the
Busse’s calculation of the fluid rotation vector is the non-linear study
of the viscous boundary layer taking into account the finite angle
between the rotation vector of respectively the fluid and its solid
envelop. Relying instead on the linear study of Greenspan (1968) of
the viscous decay of the spin-over mode in the frame of reference of
constant angular velocityωf, we can follow a straightforward torque
approach and find again the results of Busse, independently of the
original derivation.

In Section 1 we present an asymptotic analysis of the determina-
tion of the mean vorticity, rephrasing the theory of Busse. Sections 2
and 3 are devoted respectively to the presentation of the experimen-
tal setup and to the techniques used to determine the components
of the solid body rotation. The experimental results are given in
Section 4, which introduces the final discussion in Section 5.

2 T H E O R E T I C A L D E T E R M I N AT I O N

We consider a spheroidal container of major semi-axis a minor semi-
axis b and ellipticity η = (a − b)/a, filled with an incompressible
fluid, rotating along its axis at ωc and precessing at Ωp = ωcΩ.
Units of time and length are chosen respectively as ω−1

c and a. We
write the equations in the frame of reference rotating at the non-
dimensionalized angular velocity Ω. Following Busse (1968), we
look for a steady flow q in this frame of reference:

∇ · q = 0,

2Ω × q + q · ∇q = −∇ p + E∇2q,
(1)

where p is pressure and E is the Ekman number:

E = ν

ωca2
. (2)

Busse (1968) gave also the torque balance:

2
∫

r × (Ω × q) dV = −
∮

pr × n̂ d� + E

∫
r × ∇2q dV (3)

where r is the position vector and n̂ is the unit vector normal to �

pointing outward.
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Figure 2. Frame of reference.

We will restrict our analysis to the family of steady flows, inviscid
in the fluid interior, exhibited by Poincaré (1910). They have uniform
vorticity and obey the no-penetration condition below the viscous
boundary layer. They deviate only slightly, at the order η, from a
solid body rotation. Following Busse (1968), we can check that the
terms depending on η in the Poincaré expression do not appear in
the torque balance at the main order in (�p, E1/2, η). In the fluid
interior, we thus write:

q = ωf × r (4)

with:

ωf =



A
B
C

. (5)

We use here a cartesian frame (êx, êy, êz) where êz is chosen along
the minor axis of the spheroidal container, êx lies in the plane defined
by (êz, k̂p) (with (êx.Ω) > 0, see Fig. 2), and êz makes an angle α

(0 ≤ α ≤ π/2) with k̂p. Note that (k̂p.êz > 0) and that retrograde
precession thus means (� < 0).

We now write the equilibrium (3) Γi = Γp + Γv between the
inertial torque Γi, the pressure torque Γp and the viscous torque
Γv.

2.1 The pressure torque

The balance between the centrifugal and pressure forces gives the
pressure p:

p = (B2 + C2)x2 + (C2 + A2)y2 + (A2 + B2)z2

2

−ABxy − ACzx − BCyz. (6)

It does not change across the thin viscous boundary layer. The el-
lipticity enters the analysis only through the expression of n̂:

n̂ = r + 2ηzêz (7)

Pressure stresses acting on the spheroidal boundary yield the pres-
sure torque:

Γp = Iη


 BC

−AC

0


 , (8)

where I is the moment of inertia in the spherical approximation.
At this stage, we can recover the time dependence of the tilt-over

eigenmode. Denoting χ = A + i B, we get:

∂χ

∂t
= −iηCχ (9)

In an oblate spheroid, the tilt-over mode is retrograde and its eigen-
frequency λ is λ = −iηC . We shall see that the crucial point to
explain the non-linear resonance is that λ depends on C.

2.2 The precessional torque

The precessional torque Γi,

Γi = 2�

∫
V

r × [k̂p × (ωf × r)] dV, (10)

can be written as:

Γi = I�




−B cos α

A cos α − C sin α

B sin α


 . (11)

2.3 The viscous torque

In this paragraph, the terms ‘equatorial’ and ‘axial’ are defined with
respect to the fluid rotation axis. The eqs (8) and (11) yield Γp·ωf =
Γi·ωf = 0 and, as a consequence, Γv·ωf = 0. The axial torque is zero.
As noted by Busse (1968), this implies that there is no differential
rotation along ωf:

ωf · k̂c = ω2
f . (12)

We will refer to this equation as the no spin-up condition.
According to eq. (12), the only relative motion between the inte-

rior and the wall is an equatorial rotation given by:

δωeq = ωf − ωc =




A

B

C − 1


 . (13)

We rely on the linear solution of Greenspan (1968) for the vis-
cous decay of the spin-over mode in a rotating fluid to calculate
the viscous torque due to the equatorial differential rotation. The
Greenspan’s theory is valid in the frame of reference rotating with
the fluid. We thus introduce a new Ekman number E f and a new unit
of time t f scaled with the fluid rotation rate ωf:

Ef = E

ωf
, tf = tωf. (14)

According to Greenspan (1968), the time evolution of the spin-
over mode, in the non-rotating frame, is given by:

δωeq (t) = exp
(
λr

so E1/2
f tf

)[
δωeq (0) cos

(
λi

so E1/2
f tf

)
−ωf × δωeq (0)

ωf
sin

(
λi

so E1/2
f tf

)]
, (15)

with

λr
so = −2.62 λi

so = 0.259. (16)

Then, reintroducing the variables E and t, the equatorial viscous
torque is:
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Γv = I
d(δωeq )

dt
|t=0 (17)

= I (Eωf)
1/2

(
λr

soδωeq (0) − λi
so

ωf × δωeq (0)

ωf

)
(18)

= I (Eωf)
1/2




λr
so A + λi

so

B

ωf

λr
so B − λi

so

A

ωf

λr
so (C − 1)


 . (19)

2.4 The torque balance

The torque balance (3) projected onto ωf (the no spin-up condition
12), êz, and êx yields the following system of equations:

C = A2 + B2 + C2, (20)

�B sin α = −(Eωf)
1/2λr

so

(
A2 + B2

ω2
f

)
, (21)

−�B cos α = ηBC + (Eωf)
1/2

(
λr

so A + λi
so

B

ωf

)
. (22)

Multiplying the eq. (22) by � sin α in order to eliminate B, we
obtain:

�A sin α = A2 + B2

ω2
f

((
E

ωf

)1/2

λi
so + ηω2

f + � cos α

)
. (23)

Adding the eqs (21) and (23) squared, we eliminate (A2 + B2) and
finally recover the implicit expression (3.19) of Busse (1968) for
ωf:

ωf = ω2
f êz + Xω2

f

X 2 + Y 2
êz × (Ω × êz) + Yω2

f

X 2 + Y 2
êz × Ω, (24)

with,

X =
(

E

ωf

)1/2

λi
so + ηω2

f + � cos α, Y = −(Eωf)
1/2λr

so, (25)

We note that using this torque approach, we can easily include
other couplings (e.g. electromagnetic friction) in the analysis.

2.5 Numerical resolution of the implicit eq. (24)

We first solve numerically the following implicit equation for the
amplitude ωf of the fluid rotation:

(ωf · ωf) − ω2
f = 0, (26)

where ωf, in the first term, is replaced by its expression (24). Then,
the different components of ωf are obtained from (24) again. We
introduce the three variables (ωf, θ , φ) to describe the axis of rotation
of the fluid,

cos θ = êz · ωf

ωf
, θε[0, π ]

cos φ = − êx · [êz × (êz × ωf)]

sin θωf
. (27)

Depending on the values of �, η and E1/2, one or three vectors
ωf are solutions of (24). At small forcing (|�| �E1/2, η), ωf 
 1
and the solution is unique. At large forcing the solution is unique
also:

ωf = cos αk̂p. (28)
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Figure 3. Amplitude of the solid-body rotation ωf with respect to the pre-
cession rate according to the expression (24). α = 9◦, ωc = 207 rpm, η =
1/25 and a = 0.125 m. The full line shows the resonance curve � cos α =
−ω2

f η. The notations �l
p and �nl

p are defined in the text.

The rotation vector is then aligned along the direction opposite to
Ω in order to minimize the precessional torque. For intermediate
values of �, there are three solutions if the Ekman number is small
enough to give full strength to the condition � cos α = −ω2

f η of
resonance between the frequencies of respectively the precessional
forcing and the tilt-over eigenmode. As an example, we calculate the
solutions amplitude ωf for the parameters of one of the experiments
described below changing only the value of the viscosity (Fig. 3).
The linear theory (ωf = 1) predicts resonance for a precession rate
�l

p which is very different from the rate �nl
p (showed in Fig. 3 for

ν = 10−6) at which the non-linear theory predicts a rapid change
in ωf and thus in the inclination of the fluid rotation axis. In the
asymptotic limit of vanishing Ekman number, viscosity is important
only in the vicinity of the resonance curve.

When there are three solutions, we can delineate three branches
separated by the two singular points defined by |∂ωf/∂�p| = ∞.
Studying how the total torque acting on the fluid Γ = Γp + Γv

− Γi is modified in response to a small perturbation δωf of ωf,
we investigate the stability of the different branches. A branch is
unstable if there is an infinitesimal rotation δωf such that Γ(ωf +
δωf)·δωf > 0. We calculate the eigenvalues of the matrix ∂Γl/∂

(δωf)m where l and m denote cartesian axes. On the first and third
branches, respectively from �p = 0 to �nl

p and from the second sin-
gular point to �p = −∞, the three eigenvalues stay negative, prov-
ing stability. In contrast, one eigenvalue is positive on the second
branch, showing that these solutions are unstable and cannot be real-
ized. Such a pattern is common in non-linear dynamics (Manneville
1990).

We discuss now how this theory accounts for the experimental
observations.

3 E X P E R I M E N TA L S E T U P

The apparatus consists of a spinning spheroidal cavity filled with
water, set up on a slowly rotating horizontal turntable (Fig. 4). The
spheroidal cavity has been machined inside two cylindrical plex-
iglass blocks with a 0.02 mm precision. The outer radius of the
cylindrical casing is Rc = 150 mm, the major semi-axis of the

C© 2003 RAS, GJI, 154, 407–416



Resonance effects between retrograde precession and the tilt-over mode 411

kp
kc

Ultrasonic 
probe

Pressure 
probe

Fast rotation
motor

Turntable 
motor drive

Container

Figure 4. Experimental setup.

Table 1. Technical characteristics of the experimen-
tal setup.

α 0 to 45◦
�p ±0.1 to ±10 rpm
ωc 50 to 1600 (300) rpm
E 3.8 × 10−7(2. × 10−6) − 1.2 × 10−5

cavity is a = 125 mm, and the ellipticity η is 1/25. A 3-kW brush-
less motor is used to impose the fast rotation ωc of the container
with a stability of the angular velocity within 0.1 per cent. The rota-
tion Ωp of the turntable is achieved using a second brushless motor
with the same stability, and two pulleys and a transmission belt to
ensure the reduction speed factor. The angle α between the axis of
the rotation table and the axis of the cylinder is adjustable. We es-
timate its accuracy as 0.2◦. The ranges for the different parameters
in this experiment are summarized in Table 1. Most of the results
presented below have been obtained using a malleable shaft to limit
the pollution of the recorded signals by electromagnetic noise from
the motors. With this device, the rotation rate ωc cannot exceed
300 rpm. For high spinning rates of the container an air bubble, due
to a dynamic deformation of the cavity, appears at the top. By mea-
suring the amount of water needed to fill up the spheroid, we have
estimated the volume change. Assuming an homogeneous deforma-
tion of the container, the radius ad under fast rotation is calculated.
For ωc = 700 rpm, (ad − a) is of the order of 0.1 mm and can be
neglected.

4 E X P E R I M E N TA L T E C H N I Q U E S T O
D E T E R M I N E T H E A X I S O F RO TAT I O N
O F T H E F L U I D

4.1 Determination of the axis by direct visualization

We have performed direct visualizations of the axis using light ce-
ramic balls in suspension in water. The particles are almost spherical,
of radius r = 40–70 µm, and of density ρ = 700–800 kg m−3. The
balls are subject to both centrifugal acceleration and gravity, the
former inducing a motion of the particles toward the axis of rota-

tion and the latter a slow motion along the axis of rotation. During
the time of an experiment (1–2 h), at low precessional forcing, we
observe that the particles are collected on a well defined line. To
visualize the ceramic balls we use a plane sheet of light that can be
rotated around the symmetry axis of the cavity. At the beginning of
the experiment, the light plane contains êz and Ωp and corresponds
to φ = 0 (see eq. 27). After a transient regime, the light sheet is
rotated until most of the straight line of ceramic balls is contained
inside. This gives us the longitude φ of the axis of rotation of the
fluid. The colatitude is measured on a picture taken at a right angle
to the light plane.

4.2 Determination of the axis by pressure measurements

This second method is based on the measurement of the pressure
exerted by the fluid on the wall of the container. A pressure sensor,
1.262 cm in diameter, is screwed inside the wall of the cavity at a
distance h = 3 cm below the equatorial plane. The pressure probe
is a piezo-electric transducer with a dynamic range of [0.0007–
34.5] kPa. Only the non-stationary components of the pressure of
frequency in excess of 0.5 Hz are measured. The pressure signal is
then amplified in the frame rotating with the cylinder at ωc and is
transferred to the laboratory frame through a malleable shaft and a
single electromagnetically shielded slip-ring. Finally, the sampling
frequency has been chosen within the range 1.0–2.5 kHz, and each
record (50 000 measurements) has a time duration of 20–50 s.

We assume again that the flow is dominantly a solid-body rotation
along an axis ωf of colatitude θ and longitude φ as defined above.
We express the pressure as:

p = pc + ph = ρ
ω2

f

2
s2(t) − ρ(g.r), (29)

where s(t) is the distance between the axis of the fluid and the sensor,

s2(t) =
∣∣∣∣ r × ωf

ωf

∣∣∣∣2

, (30)

and

r =

 R(h)

0
−h


 R(h) =

√
a2 − h2

(1 − η)2
. (31)

The index ‘c’ is introduced to contrast centrifugal terms with hydro-
static terms denoted with the index ‘h’. Since the axis of the fluid
rotates in a retrograde direction in the frame linked to the shell, the
distance s is time dependent. For h �= 0, the theoretical pressure
signal contains Fourier components of frequency, 0, ωc and 2ωc:

s2(t) = R2(h) + sin2(θ )

[
h2 − R2(h)

2

]
+ 2h R(h) cos(θ ) sin(θ ) cos(ωct − φ)

− sin2(θ )
R2(h)

2
cos[2(ωct − φ)]. (32)

We write the centrifugal pressure of frequency respectively ωc and
2ωc as:

p1
c = A1

c cos(ωct − φ)

p2
c = A2

c cos[2(ωct − φ)] (33)

with

A1
c = ρω2

f h R(h) cos(θ ) sin(θ )

A2
c = −ρ

ω2
f

4
R2(h) sin2(θ ). (34)
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The exponents ‘1’ and ‘2’ denote components of frequency respec-
tively ωc and 2ωc. We have chosen the origin of phase such that
for ωct = 2kπ the probe is located in the half plane (êz,Ωp). The
hydrostatic pressure p1

h is monochromatic of frequency ωc:

p1
h = A1

h cos(ωct) (35)

with

A1
h = ρgR(h) sin α (36)

The hydrostatic signal does not depend on the rate of precession.
With �p = 0, the fluid rotates along the axis of the shell, θ = 0, and
the measured pressure signal should reduce to p1

h . An optical sensor,
accurately calibrated by the maxima of the hydrostatic pressure at
zero precession rate, gives the phase of the signal.

Keeping α and ωc constant throughout a series of experiments, the
determination of the direction of the axis of rotation is performed in
two steps. We first record simultaneously the pressure signal and the
positioning pulses for�p =0. We infer A1

h from the Fourier spectrum
of the pressure. Then the system is put into precession and after a
few spin-up times, we record simultaneously the pressure signal p
and the positioning pulses. The pressure signal is then the sum of
the centrifugal and hydrostatic contributions:

p = p1
h + p1

c︸ ︷︷ ︸
p1

+p2
c , (37)

where:

p1 = A1 cos
(
ωct − φ1

)
, (38)

with{
A1 cos(φ1) − A1

h = A1
c cos(φ),

A1 sin(φ1) = A1
c sin(φ). (39)

The two components p1 and p2
c are extracted by data processing

involving a numerical Butterworth filtering. From the Fourier spec-
trum of p1 and p2, we obtain A1 and A2

c and from the set of eqs (39),
we calculate A1

c and φ. We can then determine the colatitude of the
fluid rotation axis:

θ = arctan

(
4h

R(h)

A2
c

A1
c

)
. (40)

Finally, the pressure signal can be calibrated from the eq. (36) and
then the equations (34) yield also the amplitude ωf. We can then redo
this sequence of data analysis for another value of the precession
rate.

4.3 Indirect determination of the latitude of the axis
by Ultrasonic Doppler anenometry

Within slowly precessing spheroids, oscillating conical shear lay-
ers result from boundary layer breakdown at the critical latitude
at ±30◦ with respect to the axis of rotation of the fluid. We have
shown that the velocity along the oblique internal shears scales as
|ωc × ωf|E1/5

f /ωf (Noir et al. 2001a), where E f again is the Ekman
number based on the fluid rotation. Relying on ultrasonic Doppler
anenometry measurements of the radial component of the velocity,
we have previously reported experimental evidence of these inertial
waves of diurnal frequency (Noir et al. 2001b). Shear layers are
localized on two cones symmetrical about the fluid rotation axis.
Their observation thus gives us an indirect access to the inclina-
tion of ωf with respect to the cavity symmetry axis. An ultrasonic

pulse of frequency 4Mhz is emitted toward the fluid interior by a
probe located in a hole at the top of the cavity. Pollen particles
in the fluid reflect back a part of the wave in the direction of the
probe with a shift in frequency that depends on the component of
the velocity along the shooting line. The probe is fixed at the North
pole of the cavity (see Fig. 4) and the shooting line is aligned with
the axis of the cavity. Because the velocities are measured along ωc,
they are not affected by the rotation of the probe together with the
Plexiglas box. Thus, we measure motions in the frame of reference
of the precession turntable. We confront the experimental profiles
of radial velocity with synthetic profiles obtained from numerical
simulations of the flow induced within a rapidly rotating spherical
cavity by an equatorial differential rotation of the boundary. The
beam is collimated on a distance of 5 cm before diverging with an
angle of 5◦. Thus, the best lateral resolution is obtained near the
probe. We have partly taken this effect into account by assuming,
in the calculation of the synthetic signal, that a conical volume of
semi-angle 4◦ and of apex, the probe surface, is sampled by the
beam. By trial and error, we determine the angle θ between the
beam axis and the fluid rotation axis that ensures the best agreement
between measured and synthetic profiles. Note that the amplitude
of the radial velocity depends also on θ since the amplitude of the
differential rotation between the fluid and its boundary is ωc sin θ .

Finally, before presenting our own experimental results, let us
recall that we have used (Noir et al. 2001a) a fourth method to
obtain the amplitude of the fluid solid body rotation and interpret
an experiment of Malkus (1968). This author measured the motion
relative to the container of a dye introduced in the flow along a
radius. We used the average angular drift of the dye line to infer the
component of the solid body rotation along k̂c and we identified it
to (ω2

f − 1)ωc (see 24).

5 E X P E R I M E N TA L R E S U LT S

In Fig. 5(a) we show an example of the straight structure of ceramic
balls located along the axis of the fluid as it appears for α = 25◦

and ωc = 300 rpm for low retrograde precession. For a given set of
parameters (ωc, α), beyond a critical value of �p, the ceramic balls
are not located along a straight structure but are instead scattered in
the volume (Fig. 5b). In such a case, it is impossible to determine
the direction of the axis.

In Fig. 6, we show the longitude and colatitude determined by both
direct visualization and pressure measurements for ωc = 300 rpm,
α = 25◦ and −5.5 rpm < �p < 0. The pressure measurements have
been achieved with a preliminary version of the experimental set-
up without the malleable shaft and with two non-shielded electrical
slip-rings. We expect that these first measurements are less accurate
than the later measurements discussed below and we do not give
error bars. For the ceramic balls technique, when rotating the plane
sheet of light, the error bars correspond to a range of 10◦ around
an average longitude within which we observe the same pattern of
ceramic balls. When measuring the colatitude on the photography,
the thickness of the structure leads to an error within 5◦. The good
agreement between the two sets of estimates shows that the two
methods are consistent for small inclinations of the fluid rotation
axis with respect to the cavity symmetry axis. For larger inclinations,
the ceramic balls are too much scattered to give useful results.

In Fig. 7, we present the determination of φ and θ for α = 9◦

and ωc = 207 rpm using pressure measurements. We also plot the
analytically predicted values and the estimates of θ obtained from
ultrasonic Doppler anenometry. The dispersion of the determina-
tions of φ and θ obtained through repeated pressure measurements
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Figure 5. Direct visualization of the axis of rotation of the fluid using
ceramic balls. ωc = 300 rpm, α = 25◦ a) � = −4 rpm, b) � = −6.6 rpm.
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Figure 6. Longitude φ and colatitude θ of the axis of rotation of the fluid
obtained from direct visualizations (diamonds) and pressure measurements
(circles). ωc = 300 rpm, α = 25◦.

at �p = −2, −4, −5, −6, −8 rpm gives an estimate of the precision
of the method. We reckon that there are large errors at small pre-
cession rate because of a noise with frequency 2ωc in the pressure
signal, already apparent at (�p = 0), that swamps the centrifugal
pressure signal when the latter is small. We do not know how this
noise is affected by precession but we show also estimates of φ and
θ (square symbols) obtained after the modelling of a noise with fre-
quency 2ωc that we assume independent of the precession rate to
evaluate its influence on the determination of θ , φ and ωf. At small
precession rates, the ultrasonic Doppler signal can be well modelled
(Fig. 8). At larger rates, it does not compare well with synthetic sig-
nals. Thus, we have much more confidence in the results indicated by
open circles than in those indicated by full circles (Fig. 7). When the
two techniques can be compared (determination of the inclination
of the fluid rotation axis), they agree remarkably well. We demon-
strate a sudden jump of the inclination θ of the fluid rotation axis
to values that are much larger than the inclination of the precession
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Figure 7. Longitude φ and colatitude θ of the axis of rotation of the fluid.
The dotted lines show the solution of the asymptotic analysis introduced
in Section 2. Diamond and square symbols refer to pressure measurements
respectively with and without the modelling of a noise of frequency 2 ωc

independent of the precession rate. Circles show estimates from ultrasonic
Doppler anenometry (see the text for the meaning of the two families of
circles). Pressure and Ultrasonic Doppler measurements α = 9◦, ωc =
207 rpm.

axis and this happens for the precession rate �nl
p that is theoretically

predicted. According to the ultrasonic Doppler anenometry, the cir-
culation within the cavity does not reduce to a solid body rotation
and its accompanying secondary motion for precession rates larger
than �nl

p . On the other hand, according to the pressure measure-
ments, the expression (24) still predicts reasonably well ωf. This is
still more evident at smaller rotation rates ωc (see Fig. 9 for ωc =
101 rpm) for which the agreement between the experiment and the
theory is amazing.

In Fig. 10, we show estimates of the amplitude ωf for ωc = 101,
207 rpm. Because these determinations rest on accurate measure-
ments of p2

c , they are spoilt, at small precession rates, by the noise
of frequency 2ωc. At larger rates, the results are much more re-
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Figure 8. Comparison between measured and synthetic profiles of radial
velocity using ultrasonic Doppler anenometry. ωc = 207 rpm, α = 9◦ top:
� = −4 rpm, bottom: � ≤ −7 rpm.

producible and we recover the sudden drop in ωf predicted by the
theory.

From the theoretical results (see Fig. 3 and the discussion of
the stability of the different branches) we can envision hysteresis.
We have looked for such a phenomenon. Because we can tune the
rotation rate ωc much more finely than the precession rate �p, we
have kept the latter fixed. Note that high rotation rate then means
small precessional forcing. We have chosen a set of parameters
(α, �p) such that the range of rotation rates where there are three
solutions ωf is wide. In Fig. 11, we show results obtained from
Doppler anenometry. We start the experiment series with the fastest
rotation, decrease ωc until we observe the abrupt change in the
fluid rotation axis and then increase the rotation back to its initial
value with the same small increment. We always observe an unique
solution for both paths and no evidence of hysteresis. For small
ωc, the velocity measurements are too noisy to yield trustworthy
estimates of θ but the transition between two flow regimes occurs at
the same rotation rate whether it is approached from small or high
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Figure 9. Same as Fig. 7 but for α = 8◦, ωc = 101 rpm.

rotation rates. The change in θ appears very sudden: we have not
been able to find intermediate directions.

6 D I S C U S S I O N

Studies of the flow within a slowly precessing cavity yield an exper-
imental illustration of a resonance between the tilt-over eigenmode
and a forced oscillation of the cavity axis. When the forcing is strong
enough, the linear theory, in which ωf = 1 is assumed, is not ap-
propriate. As a consequence, it is not possible also to superpose
linearly different forcings. Taking into account the finite inclination
of the fluid rotation axis with respect to the cavity spin axis in the
calculation of the viscous friction, as done by Busse (1968), suf-
fices to yield a qualitative agreement between the theory and the
experimental observations.

In an analogous experiment, but with a very large inclination α of
the precession axis, Malkus (1968) reported two jumps in the torque
on the minor axis of the spheroid for values of 0.5 s−1 and 0.78 s−1

of precession frequency while we are expecting jumps of ωf at 0.2
s−1 and 0.75 s−1 according to the theory. He showed also that the
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Figure 10. Rotation rate ωf of the fluid as a solid body. top: ωc = 207 rpm,
α = 9◦ bottom: ωc = 101 rpm α = 8◦.

torque follows an hysteresis loop. In our experiment, we have no
evidence of hysteresis. It would be interesting to characterize the
conditions that promote such a behaviour since in natural bodies the
precessional forcing may reach resonant values either from below
or from above as well.

During its history, physical parameters of the Earth’s core have
changed slowly. Resonances between the tilt-over mode and dif-
ferent nutations (annual, semi-annual,..) should have produced
excursions of the axis of rotation of the liquid core (Greff-
Lefftz & Legros 1999a). For these resonances, non-linear the-
ory reduces to the linear analysis used by Greff-Lefftz & Legros
(1999a,b).

The discovery of the retrograde rotation of the planet Venus has
prompted many studies (Goldreich & Peale 1970; Yoder 1995),
which take into account resonance between the precession rate and
orbital frequencies, atmospheric tides and core-mantle friction. In
these works, the core velocity relative to the mantle has been calcu-
lated using the linear theory but it is very likely that the conditions
for rapid changes of the fluid solid body rotation have been met at
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Figure 11. Colatitude θ of the rotation axis of the fluid obtained from
Doppler anenometry. � = −4 rpm, α = 23◦.

some stage during the history of Venus. This stimulates us to study
how our results can be extended to the small values of the Ekman
number that are relevant for the dynamics of the fluid core of planets.

Finally, inclusion of an inner core complicates the description
but may be a necessary step to model the rotational dynamics of
planetary cores as the non-linear theory illustrated in this paper
precludes linear superposition of different effects.
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