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FIGURE 6. Axisymmetric component &, x V(y(r,0)) + u4(r,0)e, of the flow in a precessing sphere
(4 is the unit vector in the azimuthal-direction). Left-hand column: meridional flow y. Right-hand

column: azimuthal velocity u,. From top to bottom: E = 107°, E = 1073, and E = 1075, y = 0.1.
Contour intervals dV and dy are indicated.
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FiGUure 7. Geostrophic velocity as a function of the distance to the axis of the fluid solid-body
rotation. (a) y = 0.1 and E varies from 107 to 107°. (b) E = 10~ and 7 varies from 1 to 1073. The
geostrophic flow is scaled by y2.

and O(yE'/%), the amplitude of the nonlinear effects amounts to y>E~'/% in a layer of
O(E??) thickness. It follows that the geostrophic velocity scales as y>E~*/1°, Finally,
table 2 (second column) shows that the E—3/1° scaling for the geostrophic circulation
is definitely buttressed by the numerical evidence. The numerical exponent inferred
from the values reported in table 2 is 0.30. In addition to the shear layer identified by
Busse, we find some weak shear, distributed in the interior. It is tiny in comparison
with the main shear except in the vicinity of the rotation axis.

5. Discussion

We now compare our numerical results with experimental observations, which have
been obtained in oblate spheroids. We have shown that the oscillating layers and also
the geostrophic circulation are the consequences of differential rotation between the
fluid and its container. Busse (1968) discussed the region in the parameter space for
which the fluid motion is predominantly a solid-body rotation. According to Busse
(1968), a measure of our parameter y is given by the smallest of the two quantities
Q,E~'2 and Q,n~", where 1 is the flattening. His theory applies as one of these two
parameters is small compared to 1 (but see also the recent numerical results of Tilgner
& Busse (2001) for y > 1 in a spherical shell). With Q,n~! < Q,E~!/2, the expression
derived by Busse (1968) for @ reduces to

o = o’k + Qn~ ke x (ky x k), (5.1)

and the parameter y is estimated as 2.62 Q,n~! instead of Q,E~"/2. We have thus
obtained a way to transfer results obtained in the spherical case to the ellipsoidal
case. According to §3.2, the velocity in the oscillating internal shear layers scales as
yE5 whereas the steady geostrophic velocity scales as y>E~3/19 (see §4.3). However,
equations (4.1) or (5.1) become less accurate as Q,E~'/? or Q,n~! are comparable
or of order 1. Hence, in order to compare the experimental measurement of Malkus
(1968) of the geostrophic velocity (y = 0.8, see below) with our numerical prediction,
we do not rely on (5.1). Instead, we use the solvability condition (3.14) of Busse (1968)
to infer the equatorial component of the differential rotation from the measured axial
component (the average westward drift of the dye line photographed by Malkus).
Then, we rely on our numerical calculation and on the E~¥/1° scaling to predict the
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FiGURE 8. Geostrophic velocity as a function of the distance to the axis of the fluid solid-body
rotation. Stars correspond to the Malkus experimental data. The solid line is deduced from the
numerical results (y = 0.1, E = 107%) and the observed axial differential rotation between the fluid
and its container (see text).

geostrophic circulation from the equatorial rotation for E = 2.5 x 107, the Ekman
number in the Malkus experiment. Figure 8, which is drawn after the figure 3 (left) of
Malkus (1968), shows good agreement between our numerical findings in a full sphere
and the experimental results in an ellipsoidal cavity. Because the oblique oscillating
layers have O(E!/®) thickness, we suspect indeed that the flattening # is negligible,
except for the determination of the differential rotation, as n < E'/5.

On the other hand, the inertial waves, that are conspicuous in the numerical
solutions, have never been visualized in precession experiments (Malkus 1968; Vanyo
et al. 1995). Vanyo et al. (1995) used a shell of flattening # = 1/100. The precession
axis makes an angle o = 23.5° with the rotation axis as in the geophysical case and our
calculation. The rotation rate of the spheroid was held constant. It corresponded to an
Ekman number E ~ 8 x 10~7. With these figures, we find that # < E'/. Vanyo et al.
(1995) varied the precession rate by two orders of magnitude. For the smallest value
of Q,, we find y = 0.13 and the theory of Busse (1968) applies. The set of parameters
representative of the Vanyo et al. experiment is close to a set (y = 0.1;E = 107°)
discussed at length in §4.3. For this numerical solution, the velocity inside the oblique
shear layers is 20 times larger than the steady geostrophic circulation. Neither did
Malkus (1968) observe the oblique shear layers. With (y = 0.8; E = 2.5x107%; o = 30°),
we still expect the velocity along the characteristic cones to be three times larger than
the geostrophic velocity. Hence, it is likely that these layers have not been visualized
because of their oscillatory nature and, indeed, McEwan (1970) had to rely on
sophisticated methods to see these layers in a rotating fluid cylinder.

Until the work of Vanyo & Dunn (2000), the experiments had not included an inner
core, which may be important for the geophysical application. The flow in a precessing
spherical shell has been recently investigated numerically by Tilgner (1999b). His study
has encompassed the effect of an imposed magnetic field on the flow. The solution of
Tilgner is dominated by internal layers driven by the shear at the inner core boundary
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(see also Hollerbach & Kerswell 1995; Rieutord & Valdetarro 1997; Tilgner 1999a).
The axisymmetric component of the flow mainly features oblique shear layers that
are probably the result of nonlinear interaction of the flow in the internal oscillating
layers attached to the inner core at the critical circles. In our view, the emergence of
oscillating layers from the boundary with the inner sphere is not yet fully understood
but, in any event, the velocities in these layers are small compared to y (Tilgner (1999b)
has assumed that the two boundaries are corotating). It follows that the velocities in
the oblique axisymmetric layers are small compared to 92 and are negligible to the
O(y*E—3/1%) geostrophic velocity in the axial shear layer attached to the critical circles
of the outer boundary. The latter layer dominates the axisymmetric part of the flow
in the asymptotic limit of small Ekman numbers and it is possible that, in a spherical
shell, this occurs only at much smaller Ekman numbers than numerically attainable.
Thus, we anticipate that our conclusions about the axial layer are valid also for a
model including an inner core, and it seems indeed than an axial layer shows up, not
far from the critical circles, in the solution of Tilgner (1999b) (his figure 8a, right), as
the Ekman number is decreased. Finally, we may ponder on the existence of another
axial cylindrical layer attached to the critical circles of the inner boundary.

In the Earth’s core, the value of the dimensionless numbers that are important to
determine the effects of the mantle precessional motion are (n = 1/400, y = 1.1 x 1074,
E = 107"). Thus, the O(E'/) width of the shear layers is not very small compared
to the flattening #. The numerical modelling yields a prefactor of order one for the
thickness of these layers. As a result, the inertial waves spawned by the breakdown
of the outer boundary layer in the Earth’s core are perhaps best modelled in the
oblate spheroid geometry. On the other hand, the most significant feature, from
the geophysical viewpoint, is the steady axial shear. The mechanism behind the
development of this interior circulation does not depend on the ellipticity, of which
the only role is to determine the value of the parameter y. From the numerical values
above and the scaling laws determined in §4.3, it follows that ug = 3 x 10> ms~!. It
is comparable to the velocities of the core surface motions inferred from the secular
variation of the Earth’s magnetic field (10~*ms™'). On the other hand, the magnetic
Reynolds number based on ug and the thickness of the axial layer is only 107!,
implying that magnetic field generation in the shear layer itself is unimportant.

We thank A. Pais and J.-L. Le Mouél for many stimulating and valuable discussions.
All the computations presented in this paper were performed at the Service Commun
de Calcul Intensif de 'Observatoire de Grenoble. We acknowledge support from the
programme Intérieur de la Terre of CNRS/INSU.

Appendix. Numerical method

Since the fluid we consider is incompressible, the velocity field # can be expressed
in terms of poloidal and toroidal functions:

u=Vx(Tr)+V xV x(Pr), (A1)
where r is the position vector. We expand P and T as
P= > F'*)Y"(0.¢), (A2)
I<Lm<min(l,M)
T= 3  G0Y"0.¢), (A3)

I<L,m<min(l,M)
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where (1,0, ¢) are spherical coordinates, ¢ is time, L. and M are truncation levels,
Y/ (0,$) = C"P/"(cos(6))e™?, (A4)

P["(cos(0)) denotes associated Legendre functions, and C}" is a coeflicient of normal-
ization. Let us define ¢, = w/w. Operating with r - Vx and r -V x Vx on (2.1), we
obtain the following set of equations for T and P:

a A
(Ev2 — m) LT +2w (8, X r) - VT —2005P — 2r - (2,k,(t) X )
— 1V x (2Qk,(1) X u+ (u-V)u),

0
<EV2 — 8t> L,V?P + 2w (e. xr)+V (V2P) +2003T = —r- VX (VX (u-V)u).

(A5)
Qs and L, are classically defined as:
Q3 =e V- %(L2éz 'V+éz 'VL2)a (A6)
_ 0,0 202
Lz_@rr m—rV. (A7)
The boundary conditions are (r = 1):

opP
P=T=-"—=0. (A8)

or

As in Dormy, Cardin & Jault (1998), we use a Crank—Nicholson scheme for the
diffusion term and an Adams—Bashford scheme for all the others. Calculation in the
radial direction is by finite-differences. In order to have an accurate enough resolution
of the Ekman boundary layer, we increase the number of points in the vicinity of
the outer surface, and conversely, we stretch the radial grid at the centre of the
fluid to deal with reasonable timesteps and angular resolution. As an example, in
order to calculate the flow in a precessing sphere for y = 0.1 (see equation (4.1) for
the definition of y) and E = 1075, we use a deformed grid of 1000 radial points
(our radial scheme is second-order accurate), with L = 127, M = 7 and 1072 as the
timestep. Calculations in the ¢ direction are fully spectral. Nonlinear terms and the
last term on the left-hand side of the first equation (A 5) are calculated by collocation
in the 0-direction. The benefits of linearizing (A 5) without neglecting also the terms
involving ©, would thus be limited.
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